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show the time variant location of the solid-liquid interface
and the surface temperature history. The heat capacity for
this case is in terms of pc = 1 +0.01 Tand bj is a parameter.
The solid lines represent the results for which the heat flux is
an exponential function of time, and the dash lines
correspond to the situation with the heat flux being a linear
function of time. The results with constant thermal properties
are also included for the purpose of comparison. The same
type of curves are presented in Figs. 3-4 with bj fixed and b2
varied. It is seen that the quantity bj tends to increase s and
decrease T0 but the increase of b2 reduces both s and T0. Fur-
thermore, the variation of b2 does not affect the melting rate
very much, although it influences the surface temperature
considerably.
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Stability of Laser Heated Flows

P. K. S. Wu* and A. N. Pirri*
Physical Sciences Inc., Wakefield, Mass.

Introduction

THE success of any system designed to convert high
power laser radiation into directed kinetic energy depends

upon the ability of the system to perform this conversion ef-
ficiently. Neither the work on laser propulsion1"3 nor Hertz-
berg et al.4 have a priori addressed the fundamental issue of
the most efficient process by which a flowing gas can absorb
laser radiation and convert it to useful work. Pirri et al.1'2
relied upon the creation of electrons via breakdown to initiate
absorption by inverse Bremsstrahlung and subsequent con-
version of the heated gas into kinetic energy to obtain high
specific impulse. However, these experiments illustrated a
posteriori that without some tailoring of the propellant com-
position, the conversion process yields the initiation of ab-
sorption waves in the gas.2 This results in unsteady flow
behavior and low power conversion efficiency.

The stability of radiatively heated flows along with
suggestions for acoustic wave amplification by radiative ab-
sorption have been examined to some extent by many
authors.5 However, due to the inhomogeneity in the one-
dimensional nozzle flow, when the disturbances are in-
troduced, the full eigenvalue problem is rather difficult. For-
tunately, much can be learned about wave propagation
without solving the full boundary value problem, and in-
formation can be extracted from a study of the modified
dispersion relation. To obtain the modified dispersion
relation in inhomogeneous media the actual disturbance is ap-
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proximated by harmonic functions over a small distance
(small compared with the characteristic lengths associated
with the gradients of the flow), and, hence, the analysis is only
an accurate description "locally." The procedure is com-
monly used in problems of this type, e.g., Monsler6 has
examined the instability of radiative transfer between two in-
finite plates. Here we apply the "local" stability analysis to a
given nozzle to; obtain contour (or contours) of neutral
stability.

Method of Analysis
For simplicity, consider a one-dimensional flow through a

nozzle of variable area ratio that is heated by laser radiation.
The laser beam enters from the up-stream direction. The
governing equations for the quasi-one-dimensiohal flow
without viscous dissipation, diffusion, and thermal con-
duction but including radiative heat transfer are
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where p is the density; u is the velocity; A is the area; p is the
pressure; hs is the stagnation enthalpy; and 7 is the intensity.
For the radiative source term, it is assumed that

where r is the optical depth defined as 7

rr= \ K
Jo

dx (4)

and a generalized absorption coefficient K is assumed to be of
the form

K=Kcp"Tm (5)

where KC is a constant; Tis the gas temperature; and n and m
are constants characterizing the absorber. All radiation quan-
tities (7, //, K, T, KC) are quasi-monochromatic in the sense of
Ref. 8. Finally the equation-of-state, p = pRTt together with
Eqs. (1-3) provide the necessary equations for variables p, u,
p, and T.

The governing equations for the steady-state solutions are
the same as the previous equations with the time derivatives
set equal to zero. Substituting Eq. (4) into Eq. (3) and in-
tegrating the resulting steady-state energy equation yields

where the stagnation enthalpy is normalized by its initial value
hsi and the important parameter T, the ratio of laser power to
the initial total energy flux of the flow, is defined as

T=(IP/(puAHsi)

where IP is the laser power .
A general method of solution for the steady-state equations

may be employed.9 The governing equations can be combined
to yield a' relationship which governs the Mach number
variation through the nozzle.
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Fig. 1 Mach number distribution along the nozzle.
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Fig. 2 Curves of neutral stability for F = 3 in physical dimensions.

where M is the Mach number. For convenience, the nozzle
contour consists of two parts; up to r=3 the one parameter
nozzle configuration of Buonadonna et al.,8

_A_ = r AT n (7 + d-r)eT-(7 + d)
Af

 + L Af J e d - (7 + d)
where A, is the initial area (r = 0), and ^4 r is the throat area
located at r = d, and a parabolic section (3 < r< 5) as shown in
Fig. 1. Equation (6) can now be integrated to yield the Mach

number distribution. Knowing the Mach number profile, the
inlet conditions, and the laser power, one can proceed to
calculate the complete steady-state solution, i.e., p, u, p,
and T.

Stability Analysis
Due to the complexity in solving the full eigenvalue

problem, a local stability analysis is utilized to determine the
stability of disturbances generated at each point along the
nozzle.

Combining Eqs. (4) and (5), one has

(dT/dx)=Kcp"Tn (7)

Hence the governing equations for the stability analysis are
Eqs. (1-3) and (7) for p, u, T, and T. The pressure is eliminated
by means of the equation-of -state. Now we can proceed to
perturb the previously obtained steady flowfield by assuming

P = P0(x) + p'(x,t)

where p0 is the known steady-state solution, and the prime in-
dicates the small perturbations, i.e., p' <p0. Neglecting the
second or higher order terms yields a linear set of equations
for the perturbation quantities. The coefficients in the per-
turbation equations are only functions of the steady-state
variables and hence, for the sake of simplicity, the previous
equations are nondimensionalized with respect to the steady-
state variables, i.e.,

_ p' _ u' _ x tu0p= —— ;u= —— ; x= — and t= ——
Po u0 L L

where the characteristic length L is taken to be I/KO and KO is
the steady-state absorption coefficient. Finally, the steady-
state flowfield is assumed to be perturbed at a given location
by a disturbance which is composed of a number of discrete
partial fluctuations (harmonics). The perturbations represen-
ting a single oscillation of the disturbance are assumed to be
of the form

P=p(Q, (8)

where p is the_ amplitude function for p. Similar assumptions
are made for u, T, and T. The nondimensional wavenumber K
is a real quantity and \=2irL/K is the wavelength of the
disturbance. The quantity, Q = 0r + /12/, where ttru0/L
(amplification factor) determines the degree of amplification
or damping. The disturbance is damped if 0/<0 and the
steady-state flowfield is stable, whereas for 0,>0 instability
sets in. The velocity of propagation of the wave in the x-
direction (phase velocity) is. given by

Substituting Eq. (8) into the nondimensional perturbation
equations one gets a homogeneous set of equations for p9 u,
f, and T. In order that the solutions exist, the determinant of
the coefficient matrix must vanish. Hence, we have
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where 7 is the ratio of specific heats; a=RT0/u0
2; and I" =

Thsoe ~To/u0
2. This is the modified dispersion relation and

provides the relationship between the real K and the complex
Q. The method of solution is to assume K and, then, solve for
the complex 0 (3 roots) for each location along the nozzle.
This corresponds to applying an infinitesimal disturbance of
wavelength 2irL/K at each location and to examine whether
the disturbance will grow (Q/>0) or decay (Q/<0) . The
locus of O/ = 0 defines a line (or lines) of neutral stability.

Results and Discussion
Solutions have been obtained for various nozzle con-

figurations. However, for conciseness, we only present one set
of example calculations, namely d = 2 and ^4 rA4/=0.5. As
shown in Fig. 1, the Mach number distributions for this par-
ticular nozzle configuration are plotted as functions of TO, the
optical depth in the steady-state flowfield. Hence the other
flow properties such as p, u, and T can be calculated. For a
given absorber, one can readily transform these results into
the physical space by inverting Eq. (4).

The stability map for F = 2 is presented in Fig. 2. These
results are for an absorption coefficient of the form, K~p2

T~312, which corresponds to inverse Bremsstrahlung ab-
sorption via electrons. The initial temperature Tt and pressure
Pi are assumed to be 5000 K and 5 atm, respectively. The
glowing gas is taken to be helium with seeded cesium (mole
fraction of .001) and the cesium is assumed to be completely
ionized to provide sufficient electrons for absorption by in-
verse Bremsstrahlung.

As shown in Fig. 2, the wavenumber k is plotted against the
axial distance with contours of fi/=0. These contours form
the boundary between stable and unstable regions in
wavenumber space. At each nozzle location, the shaded zone
indicates the range of wavenumbers which results in growing
disturbances. The unstable zones are located from jt = 0 to
A: =10 cm in the region where the absorption takes place.
Therefore, if a disturbance has a wavelength much greater
than 10 cm, the absorption will only affect a fraction of the
wave, and growth of the entire wave will not be significant.
Since k=2TT/X where X is the disturbance wavelength, this im-
plies that only k%. 6 cm"1 are of interest. Hence, the upper-
most unstable zone is the only physically important region. It
is now desirable to make this region as small as possible to
minimize the possibility of unstable heating in the nozzle. It
must be remembered that this analysis will not tell us whether
a disturbance, which is initiated and grows in one region, will
dampen after it travels to a new location. Nevertheless the
analysis serves as an important indicator as to where potential
absorption wave phenomena may be initiated.
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On Optimum Design of Prestressed
Beam Structures

LewisP.Felton*
University of California, Los Angeles, Calif.

Introduction
A COMPREHENSIVE nonlinear programming formu-

JLmlation of the optimization problem for multiply loaded
indeterminate structures, containing design variables

associated with diverse forms of prestressing, previously has
been presented. * Several optimized trusses were examined,
and it was shown, e.g., that prestress resulting from lack of fit
(i.e., initial element deformations) provided significant reduc-
tions in truss weight and led to an otherwise nonfully stressed
truss being fully stressed.

It is the purpose of this Note to demonstrate the possible
advantages of similar prestressing in beam-type structures. In
particular, prestressing by initial deformations will be
illustrated for a class of thin-walled indeterminate structures
which has been investigated in recent optimization studies.2'3
This class of structures is well suited to the present application
for several reasons. First, optimized thin-walled structures,
which satisfy local buckling criteria, provide rational lower
bounds on weight. Second, the design problem has been
reduced to a particularly simple form, involving only mo-
ments of inertia of the elements and prestressing parameters
as design variables, and is devoid of inequality behavioral and
side constraints, with the exception of non-negativity
requirements for moments of inertia and, possibly, limits on
the prestressing variables. Finally, optimized unprestressed
structures of this class are inherently fully stressed, although
maximum stresses vary from element to element, and the ef-
fect of prestress on such structures thus should be of distinct
interest.

Analysis of Beam Structures with
Initial Deformations

Figure la shows a uniform beam element with initial defor-
mations equivalent to a relative slope and displacement be-
tween ends, denoted, respectively, by 60 and 50. The
equilibrium equation for such an element may be given as

P=KA (1)

where P is a vector of generalized element end forces of the
types shown in Fig. Ib, A is a vector of associated generalized
end displacements, K is the element stiffness matrix, and P0 is
interpreted as a vector of fixed-end forces due to applied loads
or thermal or initial effects. For a beam with initial
displacements as in Fig. la, it may be shown that the fixed-
end moments MIQ and M2() are given, respectively, by

M2() = (2EI/t) [26o - (3d0t) ] (2b)

where E is Young's modulus and / is moment of inertia.
Fixed-end shears VlQ and V2() follow directly from element
equilibrium.

The equilibrium equation for an assemblage of these
elements is given by

*o (3)
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